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Two Views of Matrix Analysis

consists of topics in linear algebra that are motivated by problems in
multivariable calculus, complex variables, differential equations,
optimization and approximation theory

an approach to real and complex linear algebraic problems that uses
ideas from analysis (e.g., limits, continuity, power series, etc.) when
these are more efficient or natural than a purely algebraic approach
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Matrix Decomposition

Express a matrix as a product of matrices with simpler or
well-known properties

The decompositional approach has

been used to determine linear algebraic properties of a given matrix
and to identify all matrices which satisfy a given equation;

enabled software developers to produce flexible and efficient matrix
packages, and facilitated analysis of round-off errors.
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Matrix Decomposition

Not all matrices can be expressed as a product of matrices with
specified properties.

Determine necessary and sufficient conditions for a matrix to
factor as a product of matrices having prescribed properties.

Provide some examples of matrix decompositions and indicate how
these can be used to determine properties of a given matrix
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Notation

Mm,n denotes the set of m-by-n matrices with complex entries

A = [aij ], where aij denotes the entry of A found in row i and
column j

A = [bij ], where bij = aij (conjugate of A)

AT = [bij ], where bij = aji (transpose of A)

A∗ = A
T

= AT (conjugate-transpose of A)
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Diagonalizable matrices

A matrix A ∈ Mn,n is diagonalizable if there exist a nonsingular P
and a diagonal D such that A = PDP−1.

Let D = diag(d1, d2, . . . , dn) and Pi denote column i of P.
If A = PDP−1, then, for every i = 1, . . . , n,

APi = diPi

Let A ∈ Mn,n. λ ∈ C is said to be an eigenvalue of A if there exists
a nonzero column x ∈ Mn,1 such that

Ax = λx .

x is called an eigenvector of A corresponding to λ.
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Eigenvalues & Eigenvectors

The eigenvalues and eigenvectors of a square matrix A characterize A.

The eigenvalues of A are the zeros of its characteristic polynomial

f (x) = det(xIn − A)

.

Algorithms to find the eigenvalues of A are iterative, and the good
ones have a fast rate of convergence that lead to accurate results.
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Eigenvalues & Eigenvectors

Google’s Page Rank is a means by which Google lists down the
results of a search, wherein the website having a higher page rank
gets listed earlier.

If the web has n pages, Pi is page i , and I (Pi ) is its page rank,
then the column vector[

I (P1) I (P2) . . . I (Pn)
]T

is actually an eigenvector of what is called the Google matrix.
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Eigenvalues & Eigenvectors

Google’s Page Rank makes for an accessible and relevant example on
eigenvectors and eigenvalues of a matrix.

Feature Column in http://ams.org

The $25,000,000,000 Eigenvector – The Linear Algebra Behind
Google, by Kurt Bryan and Tanya Leise
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Diagonalizable Matrices

Not all matrices in Mn,n are diagonalizable, and there are criteria
to determine when a matrix is diagonalizable.

If A ∈ Mn,n such that

A∗ = A (Hermitian), then all its eigenvalues are real.

A∗ = −A (skew-Hermitian), then all its eigenvalues are
pure imaginary.

AA∗ = In (unitary) and λ is an eigenvalue of A, then |λ| = 1.
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Gram-Schmidt Orthonormalization Process

Let v1, v2, . . . , vm ∈ Mn,1 be linearly independent

Let u1 ≡ 1√
v∗1 v1

v1

Let w2 ≡ v2 − (u∗1v2)u1

Let u2 ≡ 1√
w∗

2 w2
w2

If u1, . . . , uk−1 have been determined, let

wk ≡ vk −
k−1∑
i=1

(u∗i vk)ui

uk ≡
1√

w∗
k wk

wk
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Gram-Schmidt Process in terms of matrices

If v1, v2, . . . , vm ∈ Mn,1 are linearly independent, the process gives rise to
orthonormal u1, . . . , um ∈ Mn,1 such that

uk ∈ span{v1, . . . , vk}

for k = 1, . . . ,m.

That is,
[

u1 . . . um

]
=

[
v1 . . . vm

]


a11 a12 . . . a1,m−1 a1m

0 a22 . . . a2,m−1 a2m

0 0
. . .

...
...

...
... am−1,m−1 am−1,m

0 0 . . . 0 amm


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In particular, if v1, v2, . . . , vn ∈ Mn,1 are linearly independent, then there
exist orthonormal u1, u2, . . . , un ∈ Mn,1 such that

[
u1 . . . un

]
=

[
v1 . . . vn

]


a11 a12 . . . a1n

0 a22 . . . a2n
...

. . .
...

0 0 . . . ann



U︸︷︷︸
unitary

= V︸︷︷︸
nonsingular

A︸︷︷︸
upper triangular

V = U︸︷︷︸
unitary

R︸︷︷︸
upper triangular
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QR Factorization (Erhardt Schmidt, 1907)

If A ∈ Mn,n, then there exist unitary Q and upper triangular R such that

A = QR .

Let A0 ∈ Mn,n.

Then A0 = Q0R0 (QR factorization of A0)

Let A1 ≡ R0Q0.

Then A1 = Q1R1 (QR factorization of A1) and

Q0A1Q
−1
0 = Q0(R0Q0)Q

−1
0 = Q0R0 = A0
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QR Algorithm

Continue the process, where if Ak = QkRk , let Ak+1 = RkQk .

Each Ak is similar to A0, hence Ak and A0 have the same eigenvalues.

Under certain conditions, Ak converges to an upper triangular matrix
as k →∞.

John Francis (1959-1962) and Vera Kublanovskaya (1961) independently
came up with the QR algorithm, which is a stable method for computing
eigenvalues.

The QR algorithm is one of the top ten algorithms with the greatest
influence on the development and practice of science and
engineering in the 20th century.
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Singular Value Decomposition

Let A ∈ Mn,n have rank k.

Then there exist unitary U,V ∈ Mn,n and

real diagonal Σ = diag(σ1, . . . , σn) such that

σ1 ≥ σ2 ≥ . . . ≥ σk > σk+1 = . . . = σn = 0 and

A = UΣV ∗.

σ1, . . . , σn are the singular values of A

The columns of U are the left singular vectors of A

The columns of V are the right singular vectors of A
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E. Beltrami (1873) derived the SVD for a real, square, nonsingular
matrix with distinct singular values

C. Jordan (1874) came up with the SVD in order the find the
maximum and minimimum of the form

x∗Ay

for x , y ∈ Mn,1 and A ∈ Mn,n with real entries and x∗x = y∗y = 1
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How U , Σ and V arise

If A = UΣV ∗ is a SVD of A, then

AA∗ and A∗A are Hermitian, hence diagonalizable

AA∗ = (UΣV ∗)(VΣU∗) = UΣ2U∗

A∗A = VΣ2V ∗
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Computation of SVD

There exist efficient and accurate algorithms for computing the SVD
of a matrix

The SVD of A gives the eigenvectors and eigenvalues of A∗A without
explicitly computing those of A∗A

The SVD of A gives a numerically reliable estimate of the rank of
A
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Action of A

Let A have rank k, and A = UΣV ∗ be a SVD of A,

let ui be column i of U and vi be column i of V . Then

AV = UΣ

Avi = σi ui , for all i
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Four Subspaces associated with A

Let A have rank k, and A = UΣV ∗ be a SVD of A,
let ui be column i of U and vi be column i of V .

Then

span{u1, . . . , uk} = rangeA

span{uk+1, . . . , un} = (rangeA)⊥

span{vk+1, . . . , vn} = null(A)

span{v1, . . . , vk} = (null(A))⊥
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A matrix as a sum of outer products

If u, v ∈ Mn,1, then

the inner product of u and v is u∗v ∈ C

the outer product of u and v is uv∗ ∈ Mn,n

Let A ∈ Mn,n have rank k and A = UΣV ∗ be a SVD of A, where

U =
[

u1 u2 . . . un

]
and V =

[
v1 v2 . . . vn

]
. Then

A = σ1u1v
∗
1 + σ2u2v

∗
2 + . . . + σkukv∗k .
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Best rank r approximation

Let A = UΣV be a SVD of A, which has rank k.

If 0 < r < k, then

Ar ≡ σ1u1v
∗
1 + σ2u2v

∗
2 + . . . + σrurv

∗
r

is a best rank r approximation to A (in the sense of least squares)

The SVD is usually applied in situations wherein many variables or data
are involved and the problem is to determine which ones are significant.

The idea is that large singular values point to important features of a
matrix.
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Other uses of SVD

This could take the form of

(information retrieval) matching the most relevant documents to
given search words

(data analysis) detecting groupings, dependencies or redundancies in
data

(face recognition) determining whether a facial image matches one
stored in the database of facial images

(data compression) minimizing data stored but retaining essential
information
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information
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This is not Hayden Kho
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First 100 of 347 Singular Values

236.433 4.086 1.845 1.181 0.848
49.062 3.974 1.824 1.163 0.845
47.101 3.708 1.749 1.133 0.799
22.403 3.647 1.724 1.126 0.799
18.858 3.208 1.688 1.088 0.789
16.975 3.179 1.674 1.064 0.783
12.902 3.002 1.640 1.048 0.774
10.956 2.815 1.605 1.031 0.764
10.229 2.770 1.557 1.010 0.749
9.197 2.728 1.525 0.994 0.736
7.716 2.673 1.456 0.980 0.725
7.559 2.545 1.426 0.967 0.690
7.109 2.527 1.387 0.944 0.690
6.821 2.374 1.378 0.941 0.680
6.160 2.196 1.335 0.930 0.669
5.420 2.160 1.298 0.913 0.656
5.231 2.080 1.280 0.906 0.652
5.082 2.066 1.235 0.878 0.642
4.573 1.988 1.211 0.866 0.637
4.230 1.958 1.187 0.859 0.625
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First half of singular values
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First half of singular values
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70 largest singular values
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70 largest singular values
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35 largest singular values
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35 largest singular values
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10 largest singular values
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Baboon and Lena
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Singular values switched
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Special Thanks

Joma Escaner (F. Nemenzo’s photo and beamer)

Ernie Lope (SVD and image reconstruction using MatLab)
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