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Introduction MDS Codes

Introduction

Information media — not absolutely reliable because of noise or
interference

Coding theory — detects or even corrects errors

A simple communication model:

‘ Message Source‘
! T

\Source Encoder\ —>’ Channel ‘—> \Source Decoder\
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Introduction MDS Codes

Introduction

Channel coding — encode message again after source coding by
introducing some form of redundancy so that errors can be
detected or even corrected

‘ Message Source‘

! T
| Source Encoder | | Source Decoder|
! T

\Channel Encoder\ —>\ Channel \—> \Channel Decoder‘
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Introduction MDS Codes

Introduction

With redundancy, can correct errors. E.g.,

00 — 00 01 — 01
10 — 10 11 — 11

Assume 100000 received

Most likely from 000000 (error-correction)
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Introduction MDS Codes

Linear Codes

Fg: finite field of g elements

Linear code C of length n over Fy: subspace of Fg
Length of C: n
Dimension of C: dim(C)
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Linear Codes

Introduction MDS Codes

Linear Codes

Fg: finite field of g elements

Linear code C of length n over Fy: subspace of Fg
Length of C: n
Dimension of C: dim(C)

{-,+): inner product on Fyg

Dual code of C: C+ ={veF]: (v,c)=0forallce C}
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Linear Codes

Introduction MDS Codes

Linear Codes

Fg: finite field of g elements

Linear code C of length n over Fy: subspace of Fg
Length of C: n
Dimension of C: dim(C)

{-,+): inner product on Fyg

Dual code of C: C+ ={veF]: (v,c)=0forallce C}

C is self-orthogonal if C C C*
C is self-dual if C = C*
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Introduction MDS Codes

Linear Codes

Two common inner products:

a:(al,...,a,,),b:(bl,...,b,,)EIFZ

v

Euclidean inner product: (a,b)g = >"7 ; ajb;
Hermitian inner product: (q = ¢2) (a,b)y = >_7_; a;bf

v
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Introduction MDS Codes

Hamming Distance

x,y € Fg
(Hamming) distance d(x,y) from x to 'y —
Number of coordinates where x, y differ

|C| > 2. (Minimum) distance of C —

d(C) = min{d(x,y) : x,y € C, x #y}
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Linear Codes

Introduction MDS Codes

Hamming Distance

x,y € Fg
(Hamming) distance d(x,y) from x to 'y —
Number of coordinates where x, y differ

|C| > 2. (Minimum) distance of C —

d(C) = min{d(x,y) : x,y € C, x #y}

[n, k, d]4-code
parameters of the code: n, k = dim(C),d = d(C)

Or (n,M,d)q: M =|C]|
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Introduction MDS Codes

Hamming Weight

x € Fg
(Hamming) weight of x:

wt(x) = d(x,0)

Min (Hamming) weight wt(C) of C: smallest weight of nonzero
codewords of C
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Introduction MDS Codes

Singleton Bound

Theorem 1
n and d such that 1 < d < n
[n, k, d]q-linear code:
k+d<n+1
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Linear Codes

Introduction MDS Codes

Singleton Bound

Theorem 1
n and d such that 1 < d < n
[n, k, d]q-linear code:
k+d<n+1

k + d = n+ 1: maximum distance separable (MDS) code
C MDS = C*+ MDS
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. Linear Codes
Introduction MDS Codes

MDS Codes

ai,...,ap: distinct elements of [Fy
Vi,..., Vs nonzero elements of Fg

For 1 < k < n, generalized Reed-Solomon (RS) code

QRSk(a,v)
= {(vif(c1),...,vaf(an)): f(x) € Fqlx], deg(f(x)) < k —1}

where a = (a1,...,a,) and v = (vq,...,v,)
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. Linear Codes
Introduction MDS Codes

MDS Codes

ai,...,ap: distinct elements of [Fy
Vi,..., Vs nonzero elements of Fg

For 1 < k < n, generalized Reed-Solomon (RS) code

QRSk(a,v)
= {(vif(c1),...,vaf(an)): f(x) € Fqlx], deg(f(x)) < k —1}

where a = (a1,...,a,) and v = (vq,...,v,)

: GRSk(a,v) is MDS
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Introduction MDS Codes

Quantum Codes

» Quantum error-correcting codes for reliable quantum
information processing

» Known links with classical error-correcting codes

» Dephasing errors more common than qubit-flipping errors
(asymmetric quantum codes)

» Asymmetric quantum codes more efficient than symmetric
ones
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Basis and Inner Product

Fq, g =p™ (p: prime, m > 1)

. orthonormal basis of C9 w.r.t. Hermitian inner product

{Iv) :v e Fg)
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Basis and Inner Product

Fq, g =p™ (p: prime, m > 1)

. orthonormal basis of C9 w.r.t. Hermitian inner product

{Iv) :v e Fg)

Vn - ((Cq)@n = (an

Orthonormal basis for V;:

{lo=la)®le) - ®|a) c=(a, ) € Fy}
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Basis and Inner Product

w) =Y a(e)le), W)= Be)le) (alc),B(c)€C),

ceIFg celfn

Hermitian inner product

|u), |v) orthogonal if (ujv) =0
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Quantum Errors

Quantum error acting on V,,: unitary linear operator on V,,
Of form

e=X(a)Z(b) (a=(ar,---,an),b= (b, ,b,) € F2)
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Quantum Errors

Quantum error acting on V,,: unitary linear operator on V,,
Of form

e=X(a)Z(b) (a=(ar,---,an),b= (b, ,b,) € F2)

Action:

elc) = X(a1)Z(b1)|a1) ® X(a2)Z(b2)|c2) ® -+ @ X(an)Z(bn)|cn),

where

X(a))lc) = lai+ ), Z(bj)|ci) = w P ;)

2m/—1

withw=e » €Cand T: Fq; — F, trace
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Weights

E :{wAX(a)Z(b) | 0<A<p-1, a,beIFg}

forms a nonabelian error group on V,
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Weights

En:{w’\X(a)Z(b) | 0<A<p—1, a,beIFg}

forms a nonabelian error group on V,

For e = w*X(a)Z(b) € E,
(a = (‘317"' 7an)’b: (b]-?'” ’b") E]FZ)'

wo(e) = #{i | 1<i<n, (a,bi)#(0,0)}
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Symmetric Quantum Codes

g-ary quantum code of length n: subspace Q of V,, with dimension
K>1
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Symmetric Quantum Codes

g-ary quantum code of length n: subspace Q of V,, with dimension

K>1
Q is symmetric quantum code with parameters or
(k = log, K) if:
(u|v) =0 for |u), |v) € Q implies (u|e|v) = 0 for any e € E, with
WQ(e) <d-1
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Symmetric Quantum Codes

g-ary quantum code of length n: subspace Q of V,, with dimension

K>1
Q is symmetric quantum code with parameters or
(k = log, K) if:
(u|v) =0 for |u), |v) € Q implies (u|e|v) = 0 for any e € E, with
WQ(e) <d-1

When K > 2, Q is pure if:
(ule|v) =0 for any |u), |v) € Q and e € E, with
1 < WQ(e) < d—1

A symmetric quantum code @ with K = 1 is always pure
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Singleton Bound

For any quantum code with parameters ((n, K, d))q:

n>log, K+2d —2 (1)
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Singleton Bound

For any quantum code with parameters ((n, K, d))q:

n>log, K+2d —2 (1)

Quantum code is MDS if equality in (1) holds

San Ling Quantum Error-Correcting Codes: Some Recent Developments



Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

CSS Construction

Theorem 2 (Calderbank, Rains, Shor & Sloane)

G: -linear codes (i =1,2)

G-C G

Then there exists g-ary -quantum
code

Stabilizer quantum codes
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Quantum Codes from Classical Codes

Lemma 1 (Ashikhmin and Knill)

g-ary classical Hermitian self-orthogonal [n, k]-code
with dual distance d+

4

(-ary [[n, n — 2k, d*]]-quantum code
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Quantum Codes from Classical Codes

Lemma 1 (Ashikhmin and Knill)

g-ary classical Hermitian self-orthogonal [n, k]-code
with dual distance d+

4

(-ary [[n, n — 2k, d*]]-quantum code

Corollary 1

g-ary classical Hermitian self-orthogonal [n, k|-MDS code

I
C-ary [[n,n — 2k, k + 1]]-MDS quantum code
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Quantum Codes Asymmetric Quantum Codes

Hermitian Self-Orthogonal Generalized RS Codes

Theorem 3 (Jin, L., Luo & Xing)
There exists g-ary Hermitian self-orthogonal [n, k]-MDS code for:
(i) n=rt and rt + 1, where t is divisor of g — 1, r < (q — 1)/t,
k< (t—1)/(£+1)
(i) any2<n<q n=n+---+n withl <t </ and
2<ni <l foralli,and1 < k <min{ny,...,n:}/2

(i) n=qg+1,any2 < k < /)2

(i) and (ii) — generalized RS codes
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

MDS Quantum Codes

Previously known non-trivial ¢-ary [[n,n — 2d + 2, d]]-MDS
quantum codes:

() n=r+1landd=1(+1

(i) n=0—rd<l—rfor0<r<
(i) n=ml —r,d<m—r+1for0

-2
<Kr<ml<m</t
(iv) n<fland d < [n/2]+1

(V) 4<n<(?+1and d =3 for odd prime power ¢
Total: £3/6 + O(¢?)
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

MDS Quantum Codes

New results (Jin, L., Luo & Xing):

() n=0¢+1,3<d</2+1

(1) 4<n< 2 +1, d=3except (£,n) = (2,4)
(111) At least £3/2 — ¢ log ¢ + O(¢?) MDS codes
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Weights Again

For e = w*X(a)Z(b) € E,
(@a= (a1, -~ ,an),b= (b1, -, by) EFZ)'

D
~
|

40 | 1<i<n, a#0}
#{i 1<i<n, b #0}

Wx(
Wz(

D
~—
\
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Asymmetric Quantum Codes

Q is asymmetric quantum code (AQC) with parameters

or (k = loggK) if:
(ulv) =0 for |u),|v) € Q implies (ule|v) = 0 for any e € E, such
that wx(e) < dx —1and wy(e) <d,—1
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Asymmetric Quantum Codes

Q is asymmetric quantum code (AQC) with parameters

or (k = loggK) if:
(ulv) =0 for |u),|v) € Q implies (ule|v) = 0 for any e € E, such
that wx(e) < dx —1and wy(e) <d,—1

When K > 2, Q is pure if:
(ule|v) =0 for any |u), |v) € Q and e € E, such that
wx(e) <dy—1, wz(e)<d,—1and wg(e)>1

An asymmetric quantum code @ with K = 1 is always pure
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

CSS-Type Construction

Theorem 4 (Sarvepalli, Klappenecker & Rotteler)

Cx, C,: classical linear code with parameters
G cG

Then there exists AQC Q with parameters
, where

d, = wt(G\CP)
de = wt(CG\GH)

San Ling
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

CSS-Type Construction

Theorem 4 (Sarvepalli, Klappenecker & Rotteler)
Cx, C,: classical linear code with parameters

Gtc G
Then there exists AQC Q with parameters
, where
d, = wt(G\CP)
de = wt(CG\CH)
Moreover, Q pure if and

San Ling
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Singleton Bound

For any CSS-type AQC with parameters [[n, k, d,/dx]]4:
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Singleton Bound

For any CSS-type AQC with parameters [[n, k, d,/dx]]4:

: True for all AQC
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Singleton Bound

For any CSS-type AQC with parameters [[n, k, d,/dx]]4:

: True for all AQC
AQC is MDS if equality in (2) holds
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Singleton Bound

For any CSS-type AQC with parameters [[n, k, d,/dx]]4:

: True for all AQC
AQC is MDS if equality in (2) holds
Q: pure CSS-type AQC constructed by classical codes C, and C,

in Theorem 4
Then Q@ MDS if and only if both C, and C, are MDS
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

A General Construction Framework

Theorem 5 (Wang, Feng, L. & Xing)

dy, d;: positive integers

C: classical linear code in Fg

d+ =d(Ch)

For V.={v; : 1 <i< K} of K distinct vectors in Fyg

d, =min{wt(v; —vj+c): 1<i#j<K, ce(C}
If and , then there exists ((n, K, d,/dyx))q-AQC

Obtain CSS-type construction as corollary
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

CSS-Type Construction and MDS AQC

Theorem 6
n>3,qg>3
Then there exists MDS AQC with parameters [[n,n — 2,2/2]],
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

CSS-Type Construction and MDS AQC

Theorem 6
n>3,qg>3
Then there exists MDS AQC with parameters [[n,n — 2,2/2]],

Proof.
C= G [n,n—1,2],
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

More Examples

Further examples:

(i) -quantum code with

2n—2 n even

K=1{ 2 _ .
2m2 — %((n—li/2) n odd

(i) -quantum code with

n— 4 6 n
ZL /el ((n74)/273i)/n fneven

K= n—3)/6 n
ZL /el ((n73)/273i)/n n odd

Use Theorem 5 with (nonlinear) constant weight codes
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Examples over F, from Additive Codes

Theorem 7 (Ezerman, L. & Solé)

C: additive self-dual code of parameters
Then there exists an [[n,0,d/d]]s AQC Q

Additive code C of length n over Fy: free Fo-module

MDS examples: [[2,0,2/2]]4 and [[6,0,4/4]]4
Other good examples: [[6,0,3/3]]a, [[8,0,4/4]]4
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Basic Notations and Definitions
Symmetric Quantum Codes

Quantum Codes Asymmetric Quantum Codes

More Examples over [y

Theorem 8

C: Hermitian self-orthogonal code of parameters

Then there exists AQC Q with parameters [[n,n — 2k, d,/dy]]a,
where

de = d, = d(CH")

Example (Ezerman, L. & Solé):
C: [57274]4v Q= [[5> 173/3]]4

San Ling
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

More Examples over [y

Some other good examples (Ezerman, L. & Solé):

Code C | Code Q Code C Code Q
[6,2,2]4 | [[6,2,2/2]]a [13,3,8]a | [[13,7,3/3]]a
[67334]4 [[6a0’3/3]]4 [14737 10]4 [[1478’ 3/3]]4
[7,3,4]a | [[7,1,3/3]]a [14,4,8]s | [[14,6,4/4]]a
[87276]4 [[8’4’ 2/2]]4 [15737 10]4 [[1579’ 3/3]]4
[8,3,4]4 | [[8,2,3/3]]a [16,3,12]4 | [[16,10,3/3]]a
[87474]4 [[87074/4]]4 [17747 12]4 [[1779’4/4]]4
[9,3,6]4 | [[9,3,3/3]]a [21,3,16]4 | [[21,15,3/3]]a
[10,2,8]4 | [[10,6,2/2]]a || [22,3,16]4 | [[22,16,3/3]]4
[10,3,6]s | [[10,4,3/3]]a || [25,2,20]4 | [[25,21,2/2]]4
[11,3,6]s4 | [[11,5,3/3]]a || [26,2,20]4 | [[26,22,2/2]]4
[12,3,8]s | [[12,6,3/3]]2 || [30,2,24]4 | [[30,26,2/2]]4
[12,4,6]4 | [[12,4,4/4]]4
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Construction from Nested Linear Cyclic Codes
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Construction from Nested Linear Cyclic Codes

s d, = dy
Cyclic code:
(co,€1y--.,¢no1) € C
Y
(Cn—l7 oy -+ Cn—2) eC
: ged(n,g) =1

Cyclic code generated by a unique polynomial dividing x" — 1
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Basic Notations and Definitions
Symmetric Quantum Codes

Quantum Codes Asymmetric Quantum Codes

Construction from Nested Linear Cyclic Codes

Theorem 9

C, D: cyclic codes of parameters and

cCch

Then there exists AQC Q with parameters [[n, ko — ki, d;/dy]]a,
where

{do,de} = {d(CH), o}

San Ling
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Construction from Nested Linear Cyclic Codes

Examples (Ezerman, L. & Solé):

1. C = D: [n,1, n]s-code generated by (x" +1)/(x + 1)
Get AQC Q with parameters [[n,0,n/2]]4
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Construction from Nested Linear Cyclic Codes

Examples (Ezerman, L. & Solé):
1. C = D: [n,1, n]s-code generated by (x" +1)/(x + 1)
Get AQC Q with parameters [[n,0,n/2]]4
2. Other MDS examples:

CcC&D Generator Polynomials of C & D | Code Q
B.L3l | (x+)(x+) [3.1.2/2]],
[3,2,2]4 (x+1)

[5,1,5]s (®+wx+ 1)+ wx +1) ([5,2,3/2]]a
[5,3,3]a (4w x—|—1)

0.1.9] | (x+@)x ) +w) 0 +?) | [9.7.2/2]]
9,82 | (x+w)

[15,1,15], | (x® +1)/(x + 1) [[15,13,2/2]]4
[15,14,2]4 | (x 4+ w)

21,1,21], | (2 +1)/(x + 1) [[21,19,2/2]]4
[21,20,2]4 | (x +w)
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Basic Notations and Definitions
Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Construction from Nested Linear Cyclic Codes

3. Near-MDS examples:

c&D Generator Polynomials of C & D | Code @
[7,1,7]a CHx+1DE+x2+1) [[7,3,3/2]]a
[7,4,3]a (3 +x+1)

(LT L | (T4 D/(c 7 T) [1%,5,5/2]]
[11,6,5]s | (xX® +wx* +x3 + X%+ w?x +1)

[17,1,17], | (X' + 1)/(x + 1) [[17,12,4/2]]4
[17,13,4]s | (x* + x3 + w2 + x + 1)

[25,1,25], (x2 +1)/(x+1) [[25,22,2/2]]4
[25,23,2]4 | (x> +wx +1)
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Symmetric Quantum Codes
Quantum Codes Asymmetric Quantum Codes

Conclusion

» Using Hermitian self-orthogonal MDS codes, constructed
many more MDS (symmetric) quantum codes

» New constructions of (good) asymmetric quantum codes,
using more than just linear codes
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