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Introduction

Information media – not absolutely reliable because of noise or
interference

Coding theory – detects or even corrects errors

A simple communication model:

Message Source Receiver

↓ ↑
Source Encoder −→ Channel −→ Source Decoder
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Channel coding – encode message again after source coding by
introducing some form of redundancy so that errors can be
detected or even corrected

Message Source Receiver

↓ ↑
Source Encoder Source Decoder

↓ ↑
Channel Encoder −→ Channel −→ Channel Decoder

San Ling Quantum Error-Correcting Codes: Some Recent Developments



Outline
Introduction

Quantum Codes

Linear Codes
MDS Codes

Introduction

With redundancy, can correct errors. E.g.,

00 → 000000 01 → 010101
10 → 101010 11 → 111111

Assume 100000 received

Most likely from 000000 (error-correction)
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Linear Codes

Fq: finite field of q elements

Linear code C of length n over Fq: subspace of Fn
q

Length of C : n

Dimension of C : dim(C )

〈·, ·〉: inner product on Fn
q

Dual code of C : C⊥ = {v ∈ Fn
q : 〈v, c〉 = 0 for all c ∈ C}

C is self-orthogonal if C ⊆ C⊥

C is self-dual if C = C⊥
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Linear Codes

Two common inner products:

a = (a1, . . . , an),b = (b1, . . . , bn) ∈ Fn
q

I Euclidean inner product: 〈a,b〉E =
∑n

i=1 aibi

I Hermitian inner product: (q = `2) 〈a,b〉H =
∑n

i=1 aib
`
i
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MDS Codes

Hamming Distance

x, y ∈ Fn
q

(Hamming) distance d(x, y) from x to y –
Number of coordinates where x, y differ

|C | > 2. (Minimum) distance of C –

d(C ) = min{d(x, y) : x, y ∈ C , x 6= y}

[n, k, d ]q-code
parameters of the code: n, k = dim(C ), d = d(C )

Or (n,M, d)q: M = |C |
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Hamming Weight

x ∈ Fn
q

(Hamming) weight of x:

wt(x) = d(x, 0)

Min (Hamming) weight wt(C ) of C : smallest weight of nonzero
codewords of C
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Singleton Bound

Theorem 1
n and d such that 1 6 d 6 n
[n, k, d ]q-linear code:

k + d 6 n + 1

k + d = n + 1: maximum distance separable (MDS) code

C MDS ⇒ C⊥ MDS
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MDS Codes

α1, . . . , αn: distinct elements of Fq

v1, . . . , vn: nonzero elements of Fq

For 1 6 k 6 n, generalized Reed-Solomon (RS) code

GRSk(a, v)
= {(v1f (α1), . . . , vnf (αn)) : f (x) ∈ Fq[x ], deg(f (x)) 6 k − 1}

where a = (α1, . . . , αn) and v = (v1, . . . , vn)

Known: GRSk(a, v) is MDS
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Quantum Codes

I Quantum error-correcting codes for reliable quantum
information processing

I Known links with classical error-correcting codes

I Dephasing errors more common than qubit-flipping errors
(asymmetric quantum codes)

I Asymmetric quantum codes more efficient than symmetric
ones
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Basic Notations and Definitions
Symmetric Quantum Codes
Asymmetric Quantum Codes

Basis and Inner Product

Fq, q = pm (p: prime, m > 1)

Fix: orthonormal basis of Cq w.r.t. Hermitian inner product

{|v〉 : v ∈ Fq}

Vn = (Cq)⊗n = Cqn

Orthonormal basis for Vn:{
|c〉 = |c1〉 ⊗ |c2〉 ⊗ · · · ⊗ |cn〉 : c = (c1, · · · , cn) ∈ Fn

q

}
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Basis and Inner Product

For

|u〉 =
∑
c∈Fn

q

α(c)|c〉, |v〉 =
∑
c∈Fn

q

β(c)|c〉 (α(c), β(c) ∈ C),

Hermitian inner product

〈u|v〉 =
∑
c∈Fn

q

α(c)β(c) ∈ C

|u〉, |v〉 orthogonal if 〈u|v〉 = 0
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Quantum Errors

Quantum error acting on Vn: unitary linear operator on Vn

Of form

e = X (a)Z (b)
(
a = (a1, · · · , an),b = (b1, · · · , bn) ∈ Fn

q

)

Action:

e|c〉 = X (a1)Z (b1)|c1〉 ⊗ X (a2)Z (b2)|c2〉 ⊗ · · · ⊗ X (an)Z (bn)|cn〉,

where

X (ai )|ci 〉 = |ai + ci 〉, Z (bi )|ci 〉 = ωT (bici )|ci 〉

with ω = e
2π
√
−1

p ∈ C and T : Fq → Fp trace
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Weights

En =
{
ωλX (a)Z (b) | 0 6 λ 6 p − 1, a,b ∈ Fn

q

}
forms a nonabelian error group on Vn

For e = ωλX (a)Z (b) ∈ En

(a = (a1, · · · , an),b = (b1, · · · , bn) ∈ Fn
q),

wQ(e) = #{i | 1 6 i 6 n, (ai , bi ) 6= (0, 0)}
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Symmetric Quantum Codes

q-ary quantum code of length n: subspace Q of Vn with dimension
K > 1

Q is symmetric quantum code with parameters ((n,K , d))q or
[[n, k , d ]]q (k = logq K ) if:
〈u|v〉 = 0 for |u〉, |v〉 ∈ Q implies 〈u|e|v〉 = 0 for any e ∈ En with
wQ(e) 6 d − 1

When K > 2, Q is pure if:
〈u|e|v〉 = 0 for any |u〉, |v〉 ∈ Q and e ∈ En with
1 6 wQ(e) 6 d − 1

A symmetric quantum code Q with K = 1 is always pure
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Basic Notations and Definitions
Symmetric Quantum Codes
Asymmetric Quantum Codes

Singleton Bound

For any quantum code with parameters ((n,K , d))q:

n > logq K + 2d − 2 (1)

Quantum code is MDS if equality in (1) holds
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Basic Notations and Definitions
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CSS Construction

Theorem 2 (Calderbank, Rains, Shor & Sloane)

Ci : [n, ki , di ]q-linear codes (i = 1, 2)
C⊥1 ⊆ C2

Then there exists q-ary [[n, k1 + k2 − n,min{d1, d2}]]-quantum
code

Stabilizer quantum codes
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Quantum Codes from Classical Codes

q = `2

Lemma 1 (Ashikhmin and Knill)

q-ary classical Hermitian self-orthogonal [n, k]-code
with dual distance d⊥

⇓
`-ary [[n, n − 2k , d⊥]]-quantum code

Corollary 1

q-ary classical Hermitian self-orthogonal [n, k]-MDS code
⇓

`-ary [[n, n − 2k , k + 1]]-MDS quantum code
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Hermitian Self-Orthogonal Generalized RS Codes

Theorem 3 (Jin, L., Luo & Xing)

There exists q-ary Hermitian self-orthogonal [n, k]-MDS code for:

(i) n = rt and rt + 1, where t is divisor of q − 1, r 6 (q − 1)/t,
k 6 (t − 1)/(`+ 1)

(ii) any 2 6 n 6 q, n = n1 + · · ·+ nt with 1 6 t 6 ` and
2 6 ni 6 ` for all i , and 1 6 k 6 min{n1, . . . , nt}/2

(iii) n = q + 1, any 2 6 k 6 `/2

(i) and (ii) – generalized RS codes
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MDS Quantum Codes

Previously known non-trivial `-ary [[n, n − 2d + 2, d ]]-MDS
quantum codes:

(i) n = `2 + 1 and d = `+ 1 (Li-Xing-Wang)

(ii) n = `2 − r , d 6 `− r for 0 6 r 6 `− 2 (Li-Xing-Wang)

(iii) n = m`− r , d 6 m − r + 1 for 0 6 r < m, 1 < m < `
(Li-Xing-Wang)

(iv) n 6 ` and d 6 bn/2c+ 1 (Grassl-Beth-Röttler and
Li-Xing-Wang)

(v) 4 6 n 6 `2 + 1 and d = 3 for odd prime power ` (Li-Xu)

Total: `3/6 +O(`2)
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MDS Quantum Codes

New results (Jin, L., Luo & Xing):

(I) n = `2 + 1, 3 6 d 6 `/2 + 1 (previous: d = `+ 1, 3)

(II) 4 6 n 6 `2 + 1, d = 3 except (`, n) = (2, 4) (previous: odd `)

(III) At least `3/2− `2 log `+O(`2) MDS codes (previous:
`3/6 +O(`2))
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Weights Again

For e = ωλX (a)Z (b) ∈ En

(a = (a1, · · · , an),b = (b1, · · · , bn) ∈ Fn
q),

wX (e) = #{i | 1 6 i 6 n, ai 6= 0}
wZ (e) = #{i | 1 6 i 6 n, bi 6= 0}
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Asymmetric Quantum Codes

Q is asymmetric quantum code (AQC) with parameters
((n,K , dx/dz))q or [[n, k , dx/dz ]]q (k = logqK ) if:
〈u|v〉 = 0 for |u〉, |v〉 ∈ Q implies 〈u|e|v〉 = 0 for any e ∈ En such
that wX (e) 6 dx − 1 and wZ (e) 6 dz − 1

When K > 2, Q is pure if:
〈u|e|v〉 = 0 for any |u〉, |v〉 ∈ Q and e ∈ En such that
wX (e) 6 dx − 1, wZ (e) 6 dz − 1 and wQ(e) > 1

An asymmetric quantum code Q with K = 1 is always pure
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Asymmetric Quantum Codes

Q is asymmetric quantum code (AQC) with parameters
((n,K , dx/dz))q or [[n, k , dx/dz ]]q (k = logqK ) if:
〈u|v〉 = 0 for |u〉, |v〉 ∈ Q implies 〈u|e|v〉 = 0 for any e ∈ En such
that wX (e) 6 dx − 1 and wZ (e) 6 dz − 1

When K > 2, Q is pure if:
〈u|e|v〉 = 0 for any |u〉, |v〉 ∈ Q and e ∈ En such that
wX (e) 6 dx − 1, wZ (e) 6 dz − 1 and wQ(e) > 1

An asymmetric quantum code Q with K = 1 is always pure
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Basic Notations and Definitions
Symmetric Quantum Codes
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CSS-Type Construction

Theorem 4 (Sarvepalli, Klappenecker & Rötteler)

Cx ,Cz : classical linear code with parameters [n, kx ]q, [n, kz ]q
C⊥x ⊆ Cz

Then there exists AQC Q with parameters
[[n, kx + kz − n, dz/dx ]]q, where

dz = wt(Cz\C⊥x )
dx = wt(Cx\C⊥z )

Moreover, Q pure if dz = wt(Cz) and dx = wt(Cx)
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Singleton Bound

For any CSS-type AQC with parameters [[n, k , dz/dx ]]q:

n > k + dz + dx − 2 (2)

Conjecture: True for all AQC

AQC is MDS if equality in (2) holds

Q: pure CSS-type AQC constructed by classical codes Cx and Cz

in Theorem 4
Then Q MDS if and only if both Cx and Cz are MDS
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A General Construction Framework

Theorem 5 (Wang, Feng, L. & Xing)

dx , dz : positive integers
C : classical linear code in Fn

q

d⊥ = d(C⊥)
For V = {vi : 1 6 i 6 K} of K distinct vectors in Fn

q

dv = min {wt(vi − vj + c) : 1 6 i 6= j 6 K , c ∈ C}

If d⊥ > dz and dv > dx , then there exists ((n,K , dz/dx))q-AQC

Obtain CSS-type construction as corollary

San Ling Quantum Error-Correcting Codes: Some Recent Developments



Outline
Introduction

Quantum Codes

Basic Notations and Definitions
Symmetric Quantum Codes
Asymmetric Quantum Codes

CSS-Type Construction and MDS AQC

Theorem 6
n > 3, q > 3
Then there exists MDS AQC with parameters [[n,n− 2, 2/2]]q

Proof.

Cx = Cz : [n, n − 1, 2]q

San Ling Quantum Error-Correcting Codes: Some Recent Developments



Outline
Introduction

Quantum Codes

Basic Notations and Definitions
Symmetric Quantum Codes
Asymmetric Quantum Codes

CSS-Type Construction and MDS AQC

Theorem 6
n > 3, q > 3
Then there exists MDS AQC with parameters [[n,n− 2, 2/2]]q

Proof.

Cx = Cz : [n, n − 1, 2]q

San Ling Quantum Error-Correcting Codes: Some Recent Developments



Outline
Introduction

Quantum Codes

Basic Notations and Definitions
Symmetric Quantum Codes
Asymmetric Quantum Codes

More Examples

Further examples:

(i) ((n,K , 2/2))2-quantum code with

K =

{
2n−2 n even

2n−2 − 1
2

( n−1
(n−1)/2

)
n odd

(ii) ((n,K , 3/2))2-quantum code with

K =

{ ∑b(n−4)/6c
i=0

( n
(n−4)/2−3i

)
/n n even∑b(n−3)/6c

i=0

( n
(n−3)/2−3i

)
/n n odd

Use Theorem 5 with (nonlinear) constant weight codes
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Examples over F4 from Additive Codes

Theorem 7 (Ezerman, L. & Solé)

C: additive self-dual code of parameters (n, 2n, d)4

Then there exists an [[n, 0, d/d ]]4 AQC Q

Additive code C of length n over F4: free F2-module

MDS examples: [[2, 0, 2/2]]4 and [[6, 0, 4/4]]4
Other good examples: [[6, 0, 3/3]]4, [[8, 0, 4/4]]4
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More Examples over F4

Theorem 8
C: Hermitian self-orthogonal code of parameters [n, k , d ]4
Then there exists AQC Q with parameters [[n, n − 2k, dz/dx ]]4,
where

dx = dz = d(C⊥H)

Example (Ezerman, L. & Solé):
C : [5, 2, 4]4, Q = [[5, 1, 3/3]]4
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More Examples over F4

Some other good examples (Ezerman, L. & Solé):
Code C Code Q

[6, 2, 2]4 [[6, 2, 2/2]]4
[6, 3, 4]4 [[6, 0, 3/3]]4
[7, 3, 4]4 [[7, 1, 3/3]]4
[8, 2, 6]4 [[8, 4, 2/2]]4
[8, 3, 4]4 [[8, 2, 3/3]]4
[8, 4, 4]4 [[8, 0, 4/4]]4
[9, 3, 6]4 [[9, 3, 3/3]]4
[10, 2, 8]4 [[10, 6, 2/2]]4
[10, 3, 6]4 [[10, 4, 3/3]]4
[11, 3, 6]4 [[11, 5, 3/3]]4
[12, 3, 8]4 [[12, 6, 3/3]]4
[12, 4, 6]4 [[12, 4, 4/4]]4

Code C Code Q

[13, 3, 8]4 [[13, 7, 3/3]]4
[14, 3, 10]4 [[14, 8, 3/3]]4
[14, 4, 8]4 [[14, 6, 4/4]]4
[15, 3, 10]4 [[15, 9, 3/3]]4
[16, 3, 12]4 [[16, 10, 3/3]]4
[17, 4, 12]4 [[17, 9, 4/4]]4
[21, 3, 16]4 [[21, 15, 3/3]]4
[22, 3, 16]4 [[22, 16, 3/3]]4
[25, 2, 20]4 [[25, 21, 2/2]]4
[26, 2, 20]4 [[26, 22, 2/2]]4
[30, 2, 24]4 [[30, 26, 2/2]]4

San Ling Quantum Error-Correcting Codes: Some Recent Developments



Outline
Introduction

Quantum Codes

Basic Notations and Definitions
Symmetric Quantum Codes
Asymmetric Quantum Codes

Construction from Nested Linear Cyclic Codes

So far: dz = dx

Cyclic code:
(c0, c1, . . . , cn−1) ∈ C

⇓
(cn−1, c0, . . . , cn−2) ∈ C

Well-known: gcd(n, q) = 1
Cyclic code generated by a unique polynomial dividing xn − 1
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So far: dz = dx

Cyclic code:
(c0, c1, . . . , cn−1) ∈ C

⇓
(cn−1, c0, . . . , cn−2) ∈ C

Well-known: gcd(n, q) = 1
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Construction from Nested Linear Cyclic Codes

Theorem 9
C ,D: cyclic codes of parameters [n, k1, d1]4 and [n, k2, d2]4
C ⊆ D
Then there exists AQC Q with parameters [[n, k2 − k1, dz/dx ]]4,
where

{dz , dx} =
{

d(C⊥H), d2

}
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Examples (Ezerman, L. & Solé):

1. C = D: [n, 1, n]4-code generated by (xn + 1)/(x + 1)
Get AQC Q with parameters [[n, 0,n/2]]4

2. Other MDS examples:
C & D Generator Polynomials of C & D Code Q
[3, 1, 3]4 (x + 1)(x + ω) [[3, 1, 2/2]]4

[3, 2, 2]4 (x + 1)
[5, 1, 5]4 (x2 + ωx + 1)(x2 + ω2x + 1) [[5, 2, 3/2]]4

[5, 3, 3]4 (x2 + ω2x + 1)
[9, 1, 9]4 (x + ω)(x + ω2)(x3 + ω)(x3 + ω2) [[9, 7, 2/2]]4

[9, 8, 2]4 (x + ω)
[15, 1, 15]4 (x15 + 1)/(x + 1) [[15, 13, 2/2]]4

[15, 14, 2]4 (x + ω)
[21, 1, 21]4 (x21 + 1)/(x + 1) [[21, 19, 2/2]]4

[21, 20, 2]4 (x + ω)
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3. Near-MDS examples:

C & D Generator Polynomials of C & D Code Q
[7, 1, 7]4 (x3 + x + 1)(x3 + x2 + 1) [[7, 3, 3/2]]4
[7, 4, 3]4 (x3 + x + 1)
[11, 1, 11]4 (x11 + 1)/(x + 1) [[11, 5, 5/2]]4
[11, 6, 5]4 (x5 + ωx4 + x3 + x2 + ω2x + 1)
[17, 1, 17]4 (x17 + 1)/(x + 1) [[17, 12, 4/2]]4
[17, 13, 4]4 (x4 + x3 + ω2x2 + x + 1)
[25, 1, 25]4 (x23 + 1)/(x + 1) [[25, 22, 2/2]]4
[25, 23, 2]4 (x2 + ωx + 1)
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Conclusion

I Using Hermitian self-orthogonal MDS codes, constructed
many more MDS (symmetric) quantum codes

I New constructions of (good) asymmetric quantum codes,
using more than just linear codes

San Ling Quantum Error-Correcting Codes: Some Recent Developments



Outline
Introduction

Quantum Codes

Basic Notations and Definitions
Symmetric Quantum Codes
Asymmetric Quantum Codes

Maraming Salamat Po

San Ling Quantum Error-Correcting Codes: Some Recent Developments


	Outline
	Introduction
	Linear Codes
	MDS Codes

	Quantum Codes
	Basic Notations and Definitions
	Symmetric Quantum Codes
	Asymmetric Quantum Codes


